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PLUS/MINUS HEEGNER POINTS AND IWASAWA THEORY 
OF ELLIPTIC CURVES AT SUPERSINGULAR PRIMES 

MATTEO LONGO AND STEFANO VIGNI 


Abstract. Let E be an elliptic curve over Q and let p > 5 be a prime of good supersingular 
reduction for E. Let K be an imaginary quadratic field satisfying a modified “Heegner 
hypothesis” in which p splits, write Koo for the anticyclotomic Zp-extension of K and let A 
denote the Iwasawa algebra of KaajK. By extending to the supersingular case the A-adic 
Kolyvagin method originally developed by Bertolini in the ordinary setting, we prove that 
Kobayashi’s plus/minus p-primary Selmer groups of E over Koo have corank 1 over A. As 
an application, when all the primes dividing the conductor of E split in K, we combine our 
main theorem with results of Qiperiani and of lovita-Pollack and obtain a “big O” formula 
for the Zp-corank of the p-primary Selmer groups of E over the finite layers of Koo/K that 
represents the supersingular counterpart of a well-known result for ordinary primes. 


1. Introduction 

Let E be an elliptic curve over Q of conductor N > 3. By modularity, E is associated with 
a normalized newform / = /b of weight 2 for ro(A), whose g-expansion will be denoted by 

= On e Z. 

n>l 

Let K be an imaginary quadratic field in which all primes dividing N split (i.e., K satisfies 
the so-called “Heegner hypothesis” relative to N) and let p > 5 be a prime of good reduction 
for E that is unramified in K. Write Koo/K for the anticyclotomic Zp-extension of K, set 
Gcxd := Gal(Aoo/A') ~ Zp and define A := Zp|Goo] to be the Iwasawa algebra of Goo- Under 
some technical assumptions, Bertolini showed in [2] that if the reduction of E at p is ordinary 
then the Pontryagin dual of the p-primary Selmer group of E over Koo has rank 1 over A and 
is generated by Heegner points. In this paper we prove similar results for Pontryagin duals of 
restricted (plus/minus) Selmer groups d la Kobayashi in the supersingular case. 

Set Gq := Gal(Q/Q) and let 

Pe,p ■ Gq —^ Aut(rp(E)) ~ GL2(Zp) 

denote the Galois representation on the p-adic Tate module Tp{E) ~ Zp of E. Assume that 
E has no complex multiplication and fix once and for all a prime number p for which the 
following conditions hold. 

Assumption 1.1. (1) p > 5 is a prime of good supersingular reduction for E; 

(2) pe,p surjective. 

Thanks to Elkies’s result on the infinitude of supersingular primes for elliptic curves over 
Q ([12]) Serre’s “open image” theorem m), we know that Assumption 11.11 is satisfied 
by infinitely many p. 
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Suppose now that N can be written as N = MD where D > 1 is a square-free product of 
an even number of primes and (M, D) = 1. Let K be an imaginary quadratic field, with ring 
of integers Ok, such that 

Assumption 1.2. (1) the primes dividing pM split in K] 

(2) the primes dividing D are inert in K. 

In particular, Assumption ! 1 .21 savs that K satisfies a modified Heegner hypothesis relative to 
N. In many of the arguments below, one only uses the fact that E has no p-torsion over 
which, by [161 Lemma 2.1], is true even without condition (2) in Assumption 11.1! provided 
that p splits in K. However, in order to get better control on the field obtained by adding to 
the m-th layer Km of K^o/K the coordinates of the p’^-torsion points of E we will make use 
of this assumption. More generally, we expect that condition (2) in Assumption 11.1! can be 
somewhat relaxed, for example by just requiring that pE,p has non-solvable image (as done, 
e.g., in [7] and IE]). 

The last assumption we need to impose, which holds when p does not divide the class 
number of A, is 


Assumption 1.3. The two primes of K above p are totally ramified in K^. 


This is a natural condition to require when working in the supersingular setting (cf., e.g., 
[TTl Assumptions 1.7, (2)], [TU Hypothesis (S)], [26l Theorem 1.2, (2)]); for example, it will 
allow us to apply the results of m- 

When D = \, the results obtained by ((^iperiani in [7] tell us that 

• the p-primary Shafarevich-Tate group LHpoo(A/Aoo) is a cotorsion A-module; 

• the A-coranks of the p-primary Selmer group Selpoo (A/Aqo) and of E{Koo) (8> QpjTjp 
are both 2. 

Under Assumptions I1.1H1.31 the present article offers an alternative approach to the study 
of anticyclotomic Selmer groups of elliptic curves at supersingular primes. More precisely, 
following Kobayashi m) and lovita-Pollack (US]), we introduce restricted (plus/minus) 
Selmer groups Selpoo(A/Aoo), whose Pontryagin duals turn out to be finitely generated 
A-modules. 

Our main result, which corresponds to Theorem 15.11 is 
Theorem 1.4. Each of the two A-modules has rank 1. 


This can be viewed as the counterpart in the supersingular case of [21 Theorem A]; as 
such, it provides yet another confirmation of the philosophy according to which Kobayashi’s 
restricted Selmer groups are the “right” objects to consider in the non-ordinary setting. 

Our strategy for proving Theorem 11.4! is inspired by the work of Bertolini in [2| and 
goes as follows. First of all, we construct A-submodules of the restricted Selmer groups 
Seljoo (E/Koo) out of suitable sequences of plus/minus Heegner points on E. On the other 
hand, results of Cornut (0) and of Cornut-Vatsal IflOjl on the non-triviality of Heegner 
points as one ascends K^o imply that the Pontryagin dual of has rank 1 over A. 
Finally, a A-adic Euler system argument, to which the largest portion of our paper is devoted, 
allows us to prove that there is a natural surjective homomorphism of A-modules 




n 


± 

oo 


whose kernel turns out to be torsion, and Theorem Ol follows. 

It is worth remarking that the main difference between the ordinary and the supersingular 
settings is that, in the latter situation, Heegner points over K^o are not naturally trace- 
compatible. In particular, there is no direct analogue of the A-module of Heegner points 
considered in |2] and |2S|. In this paper we explain how to define subsequences of plus/minus 
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Heegner points that satisfy a kind of trace-compatibility relation of the sort needed to study 
restricted Selmer groups as in [2]. 

As an application, combining our main theorem with results of (^iperiani and of lovita- 
Pollack, we obtain the following “big O” formula (Theorem 16.111 for the Zp-corank of the 
p-primary Selmer groups of E over the finite layers of Koo/K. 

Theorem 1.5. If D = 1 then corankz^ (Selpoo = p™ -|- 0(1). 

This is the supersingular analogue of a well-known result for ordinary primes; in fact, 
Theorem [T3] proves [21 Conjecture 2.1] when p is supersingular and K^o is the anticyclotomic 
Zp-extension of K. Here we would like to emphasize that, due to the failure of Mazur’s 
control theorem in its “classical” formulation, knowledge of the A-corank of Selpoo (A/AToo) as 
provided by [71 Theorem 3.1] is not sufficient to yield the growth result described in Theorem 
11.51 (see Remark [Ql for more details). Moreover, assuming the finiteness of the p-primary 
Shafarevich-Tate group of E over Km for m S> 0, standard relations between Mordell-Weil, 
Selmer and Shafarevich-Tate groups of elliptic curves over number fields lead (at least when 
I? = 1) to a formula fCorollary 16.5p for the growth of the rank of E{Km)- 

As already mentioned, the techniques employed in this paper are close to those of Bertolini 
[2]. Similar results could presumably be obtained via different approaches, for example by 
adapting the arguments of ((liperiani in [7] (which rely on the techniques developed in [8]) 
or, following Mazur-Rubin ([21]), by using A-adic Kolyvagin systems as is done by Howard 
in m- In particular, we hope that extending the point of view of m to the supersingular 
setting would lead to an understanding of the torsion submodule of we plan to come 
back to these issues in a future project. 

Acknowledgements. It is a pleasure to thank Mirela (^iperiani for helpful discussions and 
comments on some of the topics of this paper. We would also like to thank Christophe 
Cornut for useful correspondence on his joint work with Vinayak Vatsal. 


2. Anticyclotomic Iwasawa algebras 

We briefly review the definition of the anticyclotomic Zp-extension K^o of K and then 
introduce the Iwasawa algebras that will be used in the rest of the paper. 


2.1. The anticyclotomic Zp-extension of K. For every integer m > 0 let Hpm denote the 
ring class field of AT of conductor p"^, then set Hpoo := \Jm>oIIpm. There is an isomorphism 

Gal(Hpoo/A') ~ Zp X A 


where A is a finite group. 

The anticyclotomic Zp-extension Koo/K is the unique Zp-extension of AT contained in Hpoa. 
We can write AToo := where Km is the unique subheld of AToo such that 

Gm := Gal(iF^/A:) ~ Z/p™Z. 

In particular, A'q = K. Set 

Goo := l^Gm = Gal(A'oo/A:) ^ ^p- 

m 

Finally, for every m > 0 let F^ := Gal(Aroo/Arm), which is the kernel of the canonical 
projection Goo Gm- 
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2.2. Iwasawa algebras and cyclotomic polynomials. With notation as before, define 
Km := ’^p[Gm] and 

A := = ZpIGool- 

m 

Here the inverse limit is taken with respect to the maps induced by the natural projections 
Gm+i —>■ Gm- For all m > 1 fix a generator 7 ^ of Gn in such a way that 7^+1 = 7 m; 
then 7 oo := ( 71 ,..., 7 m, • •.) is a topological generator of Goo- It is well known that the 
map A —>■ Zp|X] defined by 700 i-a 1 + X is an isomorphism of Zp-algebras (see, e.g., [Ml 
Proposition 5.3.5]). We will always identify these two Zp-algebras via this fixed isomorphism. 
Let $m(-A) = ^ Fe the p^-th cyclotomic polynomial and set 

(U+(X):= n $n(l+X), c5-(X):= $n(l+X), u;±(X) := X • c5±(X), 

2<n<m l<n<m 

n even n odd 

u;miX)-.= iot,{X)-^l{X)=uj^{X)-ut,iX)=X- + X) = (X + - 1. 

l<n<m 

Then Am is isomorphic to ZplXj/lum) under the isomorphism A ~ ^p|Ai] described above. 
We also define 

A± := ZplXy{ut). 

There are surjections A ^ Am -» A^ and a canonical isomorphism A^ ~ Cj'^Km given by 
multiplication by Co^. 

Remark 2.1. If m is even then = 0Jm+ii F^iice and A+ = On the 

other hand, if m is odd then in Am, by which we mean that i^m+i P^m have 

the same image in Am (hence in A+ and A“ as well). Analogous relations (with the roles of 
“even” and “odd” reversed) hold in the case of sign —. 

For every integer m > 1 set Dm '■= Gal(iFm/Q) and Am := Zp\Dm]-, then define D^o '■= 
Gal(iLoo/Q) = Gal (Aim/Q) and let A := ^im^Am = Zp|Zlool be the Iwasawa algebra of 

Hoo with coefficients in Zp. Recall that for every m > 1 there is a canonical isomorphism 

Gal(Rm/Q) ^ Gm X Gal(iF/Q), 

the natural action of Gal(Ar/Q) = (r) on Gm by conjugation being equal to 7 ” = 7 “^ for all 
7 G Gm- Similarly, Gal(iFoo/Q) — Goo x Gal(Ar/Q) with 7 ” = 7 “^ for all 7 G Goo- 

With this in mind, write A^^l for the ring A viewed as a module over A via the action 
of Gal(Ar/Q) given by 7 ” = ± 7 ”^ for all 7 G Gqo, so that A^+l corresponds to the linear 
extension of the natural action of Gal(iF/Q) on Goo described above. Analogously, write 
for the Am-uiodule Am on which Gal(Ar/Q) acts as 7 ” := ± 7 “^ for all 7 G Gm- One 
also equips Aj^ with a similar structure of Am-uiodule by defining as above (A^)^*^^ to be the 
Arn-module Am with r action by 7 "” := ± 7 “^- 

We also consider the mod p™ reductions of the above rings given by 

Rm ■■= Am Zjp^Z, Rm := Am Zjp^z, R^ := A^ Zjp^Z. 

In particular, A = Rm- Similarly, we dehne 

rF) := aF) z/p^z, «)F) := (A±)F) Z/p^Z, R± := < Ga A. 

Finally, for any compact or discrete A-module M write := Hom 2 °“*(M, Qp/Zp) for its 
Pontryagin dual, equipped with the compact-open topology (here Homg^“* denotes continu¬ 
ous homomorphisms of Zp-modules and QpjZp is equipped with the quotient, i.e., discrete, 
topology). 
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3. Plus/Minus Selmer groups and control theorem 

In this section we define the Selmer groups that we are interested in and state a control 
theorem for them. 

3.1. Classical Selmer groups. For every integer m > 0 let / Km) denote the p- 

primary Selmer group of E over Km (see, e.g., m Ch. 2]). Moreover, let 

(1) Km ■■ E{Km) <8) Qp/Zp =—Selpoo(£'/iF^) 

be the usual Kummer map and, for any prime A of Km, with a slight abuse of notation write 

(2) reSm,A : Selpoc(£'/K^) —^ E{Km,x) ® Qp/Zp 

for the composition of the restriction map with the inverse of the local Kummer map 

«^m,A : E{Km,\) <8) Qp/'^p '-^ E[^{Km,\, Epoo). 

Similarly, for all n > 0 there is a Kummer map 

(3) Km,n : E{Km)lp^E{Km) ^ Selp.(K/iF^), 

where Selpn{E/Km) is the p”-Selmer group of E over Km- 

More generally, given a prime number i, we set Km,e •= Em Qr = Hai^ Em,\ and let 

LeSnij^ — ©AI^'^^SmjA ■ H (^Km, Epoo) >■ H {^Km,(., Epoo) — (yKm,\,Epx) 

be the direct sum of the local restrictions res^.A and 

(4) TeSm,£ — ©A|r^aSm,A • Selpoo (Fz/Klfyi) >■ E(yKm,i) ® Qp/^p 
be the direct sum of the maps in ([2|), where 

E{Km,e) © Qpl'^p ■= ^ E{Km,x) 0 Qpl'^p 

X\£ 

and A rages over the primes of Km above i. In the rest of the paper, we adopt a similar 
notation for other, closely related groups as well (e.g., with obvious definitions, we write 
resm/ for the restriction map on E{Km,£)/p^E{Km,£) taking values in H^{Km,£, Epm)). 

Lemma 3.1. The group Epn{Km) is trivial for all m,n>0. 

Proof. Since, by part (1) of Assumption 11.21 the prime p splits in K, this is |16l Lemma 2.1]. 
Alternatively, one can use the surjectivity of pE,p ensured by part (2) of Assumption 11.11 and 
proceed as in the proof of m Lemma 4.3]. □ 

In the next lemma we record some useful facts about Selmer groups. 

Lemma 3.2. (1) For all m >0 there is an injection 

Pm • Selpm(Fl/AT,.^) ' y Salpm+i(^E/Km-\-i) 

induced by the restriction map and the inclusion Epm c Epm+i. 

(2) For all m >0 restriction induces an injection 

■ ^^^p°°i.E/Km) ' ^ Selpoo(Fz/ATn^^i). 

(3) For all m,n > 0 there is an isomorphism 

Selpr.{E/Km) ^ Selpoo{E/Km)pn. 

Proof. All three statements follow easily from Lemma l3.II Isee. e.g., O §2.3, Lemma 1]). □ 
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For all m,n > 0 there is a commutative square 
(5) E{K^)/p^E{Km)^^^Selpn{E/Km) 



E{K^) 0 Qp/Z / > Selpoo{E/Km) 

in which the right vertical injection is induced by the isomorphism in part (3) of Lemma 13.21 
Define the discrete A-module 

Selpoo(F;/Aroo) :=li^Selpoo{E/Km), 

m 

the direct limit being taken with respect to the restriction maps in cohomology, which are 
injective by part (2) of Lemma 13.21 


3.2. Restricted Selmer groups. Let pOx = PP with p / p; by Assumption 11.31 both p 
and p are totally ramified in AToo/AT. Write Kp and for the completions of iL at p and p, 
respectively. For all m > 0 let Km,p and Km,p be the completions of Km at the unique prime 
above p and p, respectively. To simplify notation, in the following lines we let L, Lm denote 
one of these pairs of completions (i.e., Kp, Km,p or Kp, Km,p)] then Gal(Lm/L) ~ Z/p^Z. 

For all integers m,n with m > n > 0 let : E{Lm) E{Ln) denote the trace map. 

Following Kobayashi (HZl), we define 

E^{Lm) ■■= {P G E{Lm) I tri^/i^(P) G E{Ln-i) for all odd n with 1 < n < m}, 

( 6 ) 

E (Lm) ■■= {p G E{Lm) I trL^/L^{P) G E{Ln-i) for all even n with 0 < n < m}. 


Definition 3.3. The plus/minus p-primary Selmer groups of E over Km are 


Se\poo{E/Km) := ker 


Selpoo {E/K„ 


E{Km,p) ^pj’Zp E[Km,p) ® Qp/Zp 


E^iKm,p) ® Qp/Zp ^ E^{Km,p) ® Qp/Zp 


where resm,p is the composition of the restrictions at p and p with the quotient projections. 


In an analogous manner, replacing Selpoo(P/ATm) with Selpn(E/Km) and Qpjljp with 
Z/p^'Z, one can define Selpn(A/Arm) for all n > 1. 

Remark 3.4. In m, the groups Selpoo(A/Arm) are defined in terms of the formal group E 
of E. More precisely, if m and fh denote the maximal ideals of the rings of integers of 
Km,p and Km,p, respectively, lovita and Pollack introduce subgroups A=*=(m) C E(m) and 
A^(m) C E{m) as in (j6|). Then they use these subgroups to define Selpoo(A/Arm) as in 
Dehnition 13.31 replacing E{Km,p) (respectively, E^{Km,p)) with E{xn) (respectively, E^{m)) 
and E{Km,p) (respectively, E^{Km,p)) with A(m) (respectively, A^(m)). To see that their 
definition is equivalent to Definition 13.31 recall that, by |29[ Ch. VII, Proposition 2.2], the 
group A(m) is isomorphic to the kernel Ei{Km,p) of the reduction map E{Km,p) A(Fp). 
On the other hand, |A(Fp)| = p + 1 because Op = 0, and .E^(m) ~ Ei{Km,p) H E^{Km,p), 
hence there are isomorphisms 

E{m) 0 Qp/Zp ^ E{Km,p) 0 Qp/Zp, E^{m) 0 Qp/Zp ^ E^{Km,p) ® Qp/Zp- 
Analogous considerations apply to A(tTi) and A=*=(m), and the desired equivalence follows. 


Now form the two discrete A-modules 

Sel±o(A/iLoo) := lii^SelJoo(A/iL^) C Selpco (A/iLoo), 

m 
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the direct limits being taken with respect to the restriction maps in cohomology. Note that, 
thanks to part (2) of Lemma 13.21 these restrictions are injective. Furthermore, the fact that 
the groups Se\^oo{E/Km) do indeed form a direct system follows directly from Definition 13.31 
and the compatibility properties of the restriction maps involved. 


3.3. Control theorem. The next result provides a substitute for Mazur’s original “control 
theorem” ([20]) and extends m Theorem 9.3] to our anticyclotomic setting. 

Theorem 3.5 (lovita'-Pollack). For every integer m > 0 the restriction 

(7) ■■ SelJoo(i?/iL^)“^-=° ^ SelJoo(i?/iLoo)"-=° 

is injective and has finite cokernel bounded independently of m. 

Proof. Keeping Remark 13.41 in mind, this is |161 Theorem 6.8]. □ 

Note that, by definition, Selpoo {E /is a A^-module. Consider the Pontryagin dual 

:= Hom|7*(SelJ.(K/Koo),Qp/Zp) 

of Selpoo (E/Koo), equipped with its canonical structure of compact A-module. Moreover, for 
every integer m >0 write 

:= Hom|7*(Sel±o(^/A:™),Qp/Zp) 

for the Pontryagin dual of Selpx,{E/Km), so that has a natural Am-module structure. By 
duality, the map in ([7]) gives a surjection 

( 8 ) ■■ 

whose finite kernel can be bounded independently of m. 

Proposition 3.6. The A-module is finitely generated. 

Proof. Since ujm is topologically nilpotent and is finitely generated as a Zp-module, the 
claim follows from ([SD and [H Corollary, p. 226]. □ 

There are canonical commutative squares 

SelJoo(F;/A:™)“’-=0c-^ Selpoo(K/iLoo)‘"-=° 

P P 

im 

Seljoo {E/Km+i)‘^^+^=° ^ ^ 

where im is the natural inclusion (here observe that uim \ ^m+i) 






“Koo/if^+l 




^m+l/ ^m+l^m+l 


where, as before, the symbol fP denotes the Pontryagin dual of a given map 4>. 
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4. IWASAWA MODULES OF PLUS/mINUS HeEGNER POINTS 

In order to relax, as in Assumption 11.21 the Heegner hypothesis imposed in [2] and [7], we 
need to consider Heegner points on Shimura curves attached to division quaternion algebras 
over Q. These points will then be mapped to the elliptic curve E via a suitable modular 
parametrization. 

4.1. Shimura curves and modularity. Let B denote the (indefinite) quaternion algebra 
over Q of discriminant D and fix an isomorphism of M-algebras 

ioo '■ B (8)q K. —> M2(K.). 

Let R{M) be an Eichler order of B of level M and write Tq{M) for the group of norm 1 
elements of R{M). li D > 1 and R := {z ^ C \ Im(^;) > 0} then the Shimura curve of level 
Ad and discriminant D is the (compact) Riemann surface 

X^{M) :=T^{M)\n. 

Here the action of r^(M) on R by Mobius (i.e., fractional linear) transformations is induced 
by ioo- If = 1 (i.e., Ad = N) then we can take B = M 2 (Q), so that rQ(M) = ro(A^) and 
rQ(M)\?^ = Yq{N), the open modular curve of level N] in this case, we define Ag(M) ;= 
Xq{N), the (Baily-Borel) compactification of Yq{N) obtained by adding its cusps. By a result 
of Shimura, the projective algebraic curve corresponding to X^{Ad) is defined over Q. 

Finally, thanks to the modularity of E, Faltings’s isogeny theorem and (when D > 1) the 
Jacquet-Langlands correspondence between classical and quaternionic modular forms, there 
exists a surjective morphism 

(9) tte : X^{Ad) E 

defined over Q, which we fix once and for all (see, e.g., [TSl §4.3] and [301 §3.4.4] for details). 

4.2. Heegner points and trace relations. Let us first consider the case where D = 1. 
Choose an ideal J\f C Ok such that Ok/J^ — 'L/N'L^ which exists thanks to the Heegner 
hypothesis satisfied by K. For each integer c > 1 prime to N and the discriminant of K, let 
Oc = 1> + cOk be the order of K of conductor c. The isogeny C/Oc C/ {Ocd^M)~^ defines 
a Heegner point Xc € Yq{N) C Xq{N) that, by complex multiplication, is rational over the 
ring class field He of K of conductor c. In the rest of the paper, c will vary in the powers of 
the prime p. 

In the general quaternionic case, a convenient way to introduce Heegner points Xc € 
X^{Ad){He) is to exploit the theory of (oriented) optimal embeddings of quadratic orders 
into Eichler orders. We shall not give precise definitions here, but rather refer to (SJ Section 
2] for details. From now on we fix a compatible system of Heegner points 

{Xpm £ A(f (M)(Hpm)}^^|^ 

as described in O §2.4]. 

Recall the morphism tte introduced in Q and for every integer m > 0 set 

Ppm := TTe{Xp^^ ^ E(^Hpm^ . 

In order to define Heegner points over iLooj we take Galois traces. Namely, for all m > 1 set 

(10) d{m) := min|(i € N j Km C Hpd]. 

For example, if p | hx then d{m) = m + 1. In light of this, for all m > 0 dehne 

Zm '■= (ypd{m)) G E{Km)- 
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By the formulas in |25[ §3.1, Proposition 1] and O §2.5], the following relations hold: 

{ -Zm -2 if m > 2, 

p-1 

^zo ifm = l. 

4.3. Plus/minus Heegner points and trace relations. Starting from the Heegner points 
that we considered in H4.21 we define plus/minus Heegner points as follows. Set z^ := zq 
and for every m > 1 define 


z+ ■ = 
■^m * 


Zm if m is even, I Zm-i if m is even, 

Z'm • \ 

Zm -1 if rn is odd, \zm if is odd. 

As a consequence of formulas m, the points z^ G E(Km) satisfy the following relations: 

(a) trXru/Km-i(Zm) = -z^-i for every even m > 2 ; 

(b) (^m) = P^m-i fo^^ every odd m > 1 ; 

(c) (z-) = pz-_^ for every even m > 2 ; 

(d) = -z~-i for every odd m > 3; 

(e) tTKi/Koin) = ^Zq = ^Zq. 

Finally, with Km,m as in Q and Km as in ([T]), for all m > 0 set 

am ■= l^m,m{[Zm]) & Selpm{E/Km), Pm ■= l^m{Zm ® l) G Selpoo {E / Km) ■ 

For every m > 0 let 

Pm ■ Selpm+i(F//ATm-i-i) y SGlpm(^E/Km) 

be the composition of coresx^+i/Km with the multiplication-by-p map. Moreover, write 
tm : E{Km+l)/p'^+^E{Km+l) E{Km)/p^E{Km) 
for the natural map induced by The resulting square 


( 12 ) 


E{Km+l)/p^+^EiKm+l)^ 




E{Km)lp^E{Km)^ 


Sclpm+l (yE j j 


pm 


Se\pm{E/Kr, 


is commutative. 

The following result collects the properties enjoyed by the classes under corestriction. 

Proposition 4.1. The following formulas hold: 

(a) pm-i{afp) = -a+_i for every even m > 2 ; 

(b) pm_i(Q;+) = for every odd m > 1; 

(c) pm-i{am) = pa“_i for every even m > 2 ; 

(d) pm-i{am) = -a“_i for every odd m > 3; 

(s) Pm—lia-^ ) — 2 — 2 ■ 

Of course, analogous formulas, with coresin place of Pm-i, hold for 

Proof. Straightforward from the corresponding formulas for the points Zm listed above and 
square (fT^ . □ 

Now we can prove 

Proposition 4.2. (1) The class belongs to Sel^m{E/Km)‘^^^^ for every m > 0. 
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(2) The class belongs to Sel^^ {E/for every m > 0. 

Proof. Fix an integer m > 0, let A denote either p or p, set L := Km,\ and put := 

reSm,A(cem) ^ E{L)/p^E{L). The previous formulas show that [z^] G (L)/p"^(L), 
hence G Selpm(-E/iFm)- On the other hand, the fact that = 0 follows from a global 

version of the local computations in the proof of m Proposition 4.11] (which is possible 
because the points z^, as well as the trace relations they satisfy, are global). This proves (1), 
and ( 2 ) can be shown in the same way. □ 


4.4. Direct limits of plus/minus Heegner modules. In light of Proposition W?2[ for all 
m > 0 let := denote the i?)]^^-submodule (or, equivalently, the i?m-submodule) 

of SeY^m{E /generated by a^. The inclusion Se\^m{E/C Selpn(E/Km) 
allows us to regard as a submodule of the whole restricted Selmer group Selpn(E/Km). 
Note that, by the commutativity of ([5]), the injection Sel^m {E/Km) ^ '&e\poo{E/Km) given 
by part (3) of Lemma [32] sends £// the Aj^-submodule Emfim generated by (3//. 

For the proof of the next result, recall the injection 

Pm ■ Selpm (Pi/iFn^) ‘ y Selpm+i {E/Km+i) 

of part (1) of Lemma [3.21 If F'/F is a Galois extension of number fields and M is a continuous 
Gi?-module then resp/jp o coresp/jp = tr^//^, where 

iTp,/p := ^ a : H^{F\ M) H\F', M) 

o-GGal(F7F) 

is the Galois trace map (see, e.g., [Ml Gorollary 1.5.7]). We immediately obtain 

(13) pmOpm= ptrK^^.IKm 

for all m > 0. For all m > 0 and n > 1 consider the canonical map 

C : E{Km)/p^E{Km) E{Km)/p^^^E{Km), [Q] ^ \pQ] 

and, finally, denote by 

jm : E{Km)/p^E{Km) E{Km+l)/p^E{Km+l) 

the obvious map. 


Proposition 4.3. The map pm induces injections 


Pn 




^m +1 


for all m > 0. 


Proof. Fix an m > 0. We treat only the case of sign +, the other being analogous. By part 
(2) of Lemma 13.21 pm is injective at the level of Selmer groups, so it suffices to show that 
Pm{£m) E. £m+i- Suppose that m is even. Then and the commutativity of the 

square 


E{Km)/p^E{Km)^ 

l'^ of 


Selpm(E/K„ 


pm 


EiKm+P/p'^+^EiKm+i) ^ ^^+ 1,^+1 ^ Se\pm+l{E/Km+l] 


implies that /9m(«m) = pctm+i- By definition of the Galois action on our cohomology groups, 
it follows that pm{£m) C £mj_i- Now suppose that m is odd. By part (a) of Proposition 14.11 
= —c^m- Applying ([TBD and using the fact that, by Proposition 14.21 the action of 
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Rrr,+i on factors through we get pm{ati) = -P^^Km+i/Kmio^^+i) ^ Rm+ia^+i = 

before, we conclude that Pm{£m) ^ £m+i- 

Thanks to Proposition 14.31 we can form the discrete A-module 

£^ := limT^, 

m 

where the direct limits are taken with respect to the maps p^ of Proposition 14.31 Moreover, 
the commutativity of the squares 

Se\^^{E/KmY - SelJoo(£;/i^™) 

O P 

SelJ„+i {E/Km+iY - Se\^^{E/Km+i), 

in which the horizontal injections are induced by the isomorphisms in part (3) of Lemma 13. 2 1 
shows that can be naturally viewed as a A-submodule of Selpoo(Ll/i^cxD)- 
Denote by 

nt ■■= & = ^^{£tY 

m 

the Pontryagin dual of £^. We shall see below (Proposition [T7]) that both and 71^ are 
finitely generated, torsion-free A-modules of rank 1. 

4.5. Nontriviality of Heegner points and the A-rank of We want to apply the 
results of Cornut ([9]) and of Cornut-Vatsal ([TO]) on the nontriviality of Heegner points on 
E as one ascends AToo to show that have rank 1 over A. Similar ideas can also be found 
in [3 Proposition 2.1] and [SI Theorem 2.5.1]. 

We begin with some lemmas. 

Lemma 4.4. For m ^ 0 the point is not -divisible in E[Km)- 

Proof. Results of Cornut ([S]) and of Cornut-Vatsal m) guarantee that the points € 
E[Km) are non-torsion for m ^ 0. We prove the lemma for sign -|-, the case of sign — being 
completely analogous. To fix ideas, define 

mo := min |m € N | m is even and z^ is non-torsion|. 

We claim that z^ is not p™-divisible in E{Km) for even m ^ mo. First of all, the formulas 
in 114.31 imply that if n € N then 

^'^A'mg+2n/A'mQ (^mo-|-2n) (“t) P ^rriQ- 

If ^mo+ 2 n = with X € E{Km^+ 2 n) and we set y := G E{Kma) 

then p"'(z+jj — p'^o+riy'j _ Qj^ other hand, by Lemma [3Tl 

the torsion group Epn^Kmo) is trivial, so we conclude that zf^^ is p”^°+"'-divisible in E{Kmo). 
But the Mordell-Weil group E{Kmo) is finitely generated and zf^^ is non-torsion, hence zf^^ 
is p*-divisible in E{Kmo) only for finitely many t G N. The lemma follows. □ 

Lemma 4.5. The R^-module £^ is non-trivial for m ^ 0. 

Proof. By Lemma [4.41 the class [z^] of z^ in E{Km)/p"^E{Km) is non-zero for m ;g> 0. 
Finally, the injectivity of the maps Km,m implies that = Km,m{[Zm]) is non-zero in 
Selpm {E/Km)- In particular, is non-trivial for m ^ 0. □ 

As an immediate consequence, we get 

Lemma 4.6. The A-modules £^ are non-trivial. 
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Proof. By Proposition 14.31 the maps with respect to which the direct limits are taken 
are injective, hence injects into for all m > 0. The lemma follows from Lemma 14.51 □ 

Now we can prove 

Proposition 4.7. The A-modules TL^ are finitely generated, torsion-free and of rank 1. 

Proof. For every m > 0 the natural surjections Rm -» £m induce, by duality, injections 
{£m)'^ ^ Since Rm = Z/p™'Z[Gm], there are isomorphisms Rf^ — Rm, hence taking 

inverse limits gives injections TL^ = ^im^(£’^)^ ^ ^m^ = A. Since A is a noetherian 

domain, this shows that are hnitely generated, torsion-free A-modules of rank equal 
to 0 or to 1. Now the structure theorem for hnitely generated A-modules implies that if 
rankA(7^^) = 0 then = 0, hence £^ = (R^)'^ = 0. This contradicts Lemma 021 so we 
conclude that rankA('H^) = 1. □ 


5. A-adic Euler systems 

The goal of this section is to prove Theorem 11.41 we restate it below. 

Theorem 5.1. Each of the two A-modules has rank 1. 

In other words, we show that 

corankA(Selpoo(£'/Aroo)) = corankA(Sel“ oo (E/K^)) = 1. 

The injection of A-modules £^ ^ Sel^oo (E/AToo) gives, by duality, a surjection of A-modules 

i . 

^ • *^oo ^oo* 

Proving Theorem 15.11 is thus equivalent to showing that the A-module ker( 7 r^) is torsion. 
Equivalently, if r denotes the generator of Gal(iL/Q) then we need to show that all elements 
of ker( 7 r^) lying in an eigenspace for r are A-torsion. 

Choose an element x G such that tx = ex for some e G {±} and x is not A-torsion: 
this can be done because the A-module R^ has rank 1 by Proposition 14.71 and the map vr^ 
is surjective. As is explained in [21 p. 170], to prove Theorem 15.11 it is enough to show that 
every y G ker( 7 r^)“'^ is A-torsion. To do this, in the next subsections we will adapt the A-adic 
Euler system argument of |2]. 

5.1. Kolyvagin primes. Denote by 

Pm-Gq^ AniiEprr.) ~ GL 2 (Z/p"*Z) 

the Galois representation on Epm and let K (Epm ) be the composite of K and the field cut out 
by Pm] in other words, K{Epm) is the composite of K and In particular, K{Epm) is 

Galois over Q. 

Definition 5.2. A prime number is a Kolyvagin prime for if £ Np and Frob^ = [r] in 
Gal(A:(Epm)/Q). 

In particular, Kolyvagin primes are inert in K and hence split completely in Km for all 
m > 1. Let ^ be a Kolyvagin prime for p"*. Define the iim-modules 

{E{Km,i,E)/p'^E{Km,i)Y^'^ := Rm{E{Km,e, E)/p'^E{Km,e))^ 

and 

{H\Km,e,E)pmY^^ := Rm{HHKm,i, E)pmf, 

where the superscript ± on the right denotes the submodule on which complex conjugation 
acts as ±. 

Lemma 5.3. Let £ be a Kolyvagin prime for p™. 


PLUS/MINUS HEEGNER POINTS AND SUPERSINGULAR IWASAWA THEORY 


13 


(1) The Rm-vnodule [E{Km,e)/p^E{Km,£))^^'^ is isomorphic to R!it\ hence there is a 

decomposition E{Kjji^i)/p'^E{Km,i) — © Rm 

(2) The Rm-fnodule is isomorphic to T^\ hence there is a decom¬ 
position E)pm ~ © Rm ^ • 

Proof. Part (1) is [21 §1.2, Lemma 4], while part (2) is [H §1.2, Corollary 6 ]. □ 


5.2. Action of complex conjugation. In this subsection we study the action of Gal(iL/Q) 
on Selmer groups. These results will be used in H5.5l to show the existence of suitable families 
of Kolyvagin primes. 

The canonical action of r on makes it into a A-module. Recall the element X € 
chosen at the beginning of this section such that 7r=*=(x) / 0 and t(x) = ex for some e G {©}. 
Now pick an element y G ker(7r^)“’^ and consider the surjection of A-modules 

A(^) © ^ (C, y) i—^ (^x, yy). 

Since is torsion-free by Proposition 14.71 ker(7r=*=) n Ax = {0}, hence Ax fl Ay = {0}. 
Therefore the canonical map of A-modules Ax © Ay —>• given by the sum is injective. 

Composing the last two maps, we get a map of A-modules 

(14) : A(") © A(-") ^ 

that sends (a, /3) to ax + /3y. 

By Lemma 1,4.21 there is a canonical injection 

(15) Se\^m{E/Km)^ ^e\^^{E/Km). 

Let 

Zt := Homz^(SelJ„(,E/A^),Qp/Zp) 

be the Pontryagin dual of Se\pm{E/Km)- One may then consider the surjection of compact 
A-modules 


(16) 


irm ' 




± 

oo 




± 

m 


©± / ± o-i 


where the first arrow is the canonical projection, the second is ([ 8 ]) and the third is obtained 
from (I15p by Pontryagin duality. 

Let us define the following Rj)j-submodules of Z^fuj^Z^\ 

Zm ■= ©{0}))) n ((p^oi?)({ 0 }©A(-"))), 

:=((y±oi?)(A(^)©{ 0 }))/Z^, 

:= {{pt o mO} © A(-^)))/Z^. 


Set 


:= [{Zt/u:tzt)/Zt) 




The submodule Z'^ being closed in Zml'^m Z^, Pontryagin duality yields a natural injection 
Selpm{E/Km)‘^”^ of ii)^-modules. We obtain a chain of maps of A-modules 


(17) 


Ah) © A(-^) ^ 1T±’W © 1T±’(-^) (S± )^ 


in which the surjection is induced by pm ° d and the injection is given by the sum of the 
components. By construction, the composition in ()17p factors through the surjection 

Ah) © A(-^) ^ A^ © a(^^) ^ (R±)(^) © «)(-^). 


** m ^ m 


(s 


Write 
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for the resulting map of i?^-modules; if x and y denote the images of x and y in then 

= ax + l3y. 

Lemma 5.4. There is an isomorphism of R^-modules {R^Y — ^m^m- 


Proof. Since Rm = Z/p™Z[Gm]) there is a canonical isomorphism 

<^:RY^Rm 

of iim-modules (hence of A-modules). The surjection R^ -» Rm induces, by duality, an 
injection i : {R-mY obtain an injection <h o i : {RY)'^ Rm- The image of 

$ o i is annihilated by hence <h o i induces an injection of i?m-niodules 

^ : {RtY ^ ^iRm- 

Now pick X G Rm and consider io^x G ujf^Rm- If Tx £ R^n is such that ^{ipx) = x then 
^{Co^ipx) = iXmX- la order to show that T is surjective we need to check that oJm^x factors 
through R^. But this is clear: {ujf^ipx){^mY — — 0 all A G Rm because 

kills Rm- I—I 


Taking the Gal(Ar/Q)-action into account. Lemma 15.41 yields isomorphisms ~ 

of .Rj^-modules. Furthermore, and ~ 

under the isomorphism ujf^Rm — Rm- Composing these isomorphisms, we get an 
isomorphism of i?j^-modules 

(18) ^ ^ {Rt)^^^'^- 

„-± ._ l=‘=’h) 

of i?j^-modules that we still denote by 

(19) (O^ : ^ «)(^) © {Rt)^-^\ 


Set i^ := im'^'"’ ©im'' - Composing the Pontryagin dual i'&YY of '&m with we get a map 


If T^m •= ^m/ker(('d^)'^) then there is an injection {'dY)'^ ■ ^ ® (Rm)^ of 

.Rj)j-modules. Define 

:= © { 0 }), := ((^i^)^)”'({ 0 } © «)(-^)). 

Then there is a splitting 








(20) T^m = 'R'm'' ’ © ^r,. 

of iij((-modules. Taking Gm-invariants, we obtain an injection 


/■^±,(±e)x G„ 

y^m ) 

/^±,(±e)xG. 




of Z/p”*Z-modules, hence (S^’ ^ ) "“ is isomorphic to Z/p™ ’ ' Z for a suitable integer 
0 < < m (of course, nothing prevents from being trivial). 


5.3. Compatibility of the maps. In order to ensure compatibility of the various maps 
appearing in the previous subsection as m varies, in the sequel it will be useful to make a 
convenient choice of the isomorphism introduced in psp . 

Let 


T^m ■ ^ml^mZm ^ R-m ■= Homz^ (f^, Qp/Zp) 

denote the dual of the inclusion C Selpm(L^/iLm)‘^™’^^- Since y G ker(7r^), we have 
T^^yzY) = 0 , hence there is a surjection ^ showing, by duality, that 
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is actually a submodule of Since (vr^ o 'dm)({0} © = {0}) again because 

y G ker(7r=*=), the dual of o factors through a map 


Proposition 5.5. One can choose the isomorphisms in JH so that if i’m denotes the 

composition 




then the R^-modules are generated by elements 0^ G satisfying 

dt ■■= (^m)m>l G - A. 


Proof. Here we consider only the case of sign +, the other case being similar. Since the 
statement is independent of the Gal(iir/Q)-action (all maps are equivariant for this action), 
we ignore it. For each m > 1 fix a generator 0+ of and use the shorthand “cores” for 

the corestriction map coresx^+i/Km- First suppose that m is odd. In this case ©“ = 
and cores(Q;)^_,_]^) = —a^. There is a commutative diagram 




"'m+l 


m+ 1 / 




R+ 

^m+l 


cores 





-*■ ^'rrt 


where the vertical unadorned arrows are projections, and replacing with for a 

suitable unit Um gives the compatibility of and 0+ under projection. Now suppose that 
m is even. In this case ™ and cores(aj()_,_]^) = pa^. Therefore there is a 

commutative diagram 


^m+l 


V ~ 


E~^ 


(Rt.)'' 


■ dj-m+lR-rn+l 
lip 




R. 


m+l 


"'m 


that again shows the compatibility between and The result follows. □ 

From now on, fix the isomorphisms as in Proposition 15.51 so that 9^ G A. In the 

following, we will implicitly identify and its Pontryagin dual by means of the above 

maps. We will also identify with its Pontryagin dual, but we will not need to specify 

a convenient isomorphism in this case. 


5.4. Galois extensions. We introduce several Galois extensions attached to the modules 
defined in 115.21 in doing this, we follow m §1-3] closely. We start with a discussion of a 
general nature. 

For any Z/p"*Z-submodule S C Selpm(E/Km) we define the extension Mg of Km{Epm) cut 
out by S as follows. Set 

Qm := Ga\.[Km{Epm)/Kjn) ■ 

With a slight abuse, we shall often view Qm as a subgroup of GL 2 (Z/p™'Z), according to 
convenience. By [21 §1.3, Lemma 2], whose proof does not use the ordinariness of Fi at p 
assumed in loc. cit., there is an isomorphism 

Qm ^ GL2(Z/p-Z). 
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By m §1-3, Lemma 1], whose proof works in our case too, restriction gives an injection 

Selpm{E/K,n) ^ Selpm{E/Km{Epm)f-. 

Define := Ga\.(yKm{Epm)^^/Km{Epm)'^ where K„i{Epm)^^ is the maximal abelian 

extension of Km{Epm). It follows that there is an identification 

H\Krr,{Epr.),Eprr.f- = Homg^ ) 

of Z/p^Z-modules, where Homg^(«,A) stands for the group of ^m-hoinomorphisms. Thus we 
obtain an injection of Z/p^Z-modules 

(21) ^ ^^^Qm{G^^{Epm)’Epm^, SI >(Ps, 

and for every s € S we let Mg denote the subfield of Km{Epm)’^^ fixed by ker(<y9s). In other 
words, Mg is the smallest abelian extension of Km{Epm) such that the restriction of (fig to 
Gsil{Km{Epm')’^^/Mg) is trivial. The maps (fg induce injections 

ipg . Gal( (L/pm y Epm 

of t?m-modules. Let Ms C Km{Epm)‘^^ denote the composite of all the helds Mg for s € S'. 
By 13 Lemma 3 p. 159], the map 

(22) Gal(M^/iLm(Lip-)) —Horn (S, Lip-), gi—> {s i-^ ipg{g\j^J) 

is a t?m-isomorphism and (I2ip induces an isomorphism 

S —Homg^ (Gal(M5/iLm(£'p—)), Lip—) 

of Z/p”^Z-modules; here Hom(«,A) is a shorthand for Homg/pmg(«, a). One can show that, 
given two subgroups S' C S C Selpm[E/Km), there is a canonical isomorphism of groups 

(23) Gal(M 5 /Ms/) ~ Hom(S/S', Lip-) 

and, conversely, for every subgroup S of S/S' there is a subextension Mg/Ms' of Ms/Ms’ 
such that 

(24) G&\{Ms/Ms') ^ Hom(S,£;p-). 

In this case, we say that Ms/Ms' is the extension associated with the quotient S/S'. 

Now we apply these constructions to the setting of T5.21 To simplify the notation, put 

Sel^ := Se\^^{E/KmT^=^, Sel± := Ih^Selj^ . 

m 

Let denote the field cut out by the subgroup Selj^; then C By construction, 

there are canonical surjections 

(25) G8l{M^^jKm+i{Epm+i)) Ga[{M^/Km{Epm)). 

Define 

: = lim , Koo {Epo ^) : = lim (Lip-), 

m m 

so that 

Gal(M±/iLoo(^p-)) = 1^ Gal (M±/iL™ (Lip-)), 

m 

the inverse limit being taken with respect to the maps in (|25p . By (|22l) . for every m > 0 there 
is an isomorphism 

Gal(M±/ii:^(Ep-)) ~ Hom(Sel±,.Ep-) 
of Z/p"*Z[^m]-™odules, hence there is an isomorphism of Zp|t?ool-modules 

Gal(M±/ii:oo(^p-)) ~Hom(Sel±,Epcc), 
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where Zp|^oo] := is defined with respect to the canonical maps Qm+i —>■ Qm- 

Now recall the map of (fTU|) and let C be the extension of Km{Epm) cut out 

by ker(('d^)^). Then there are canonical t/m-isomorphisms 

Gal{L^/ Km{Epm)) ~ Hom(ker(('i9^)'^),^pm) 

and 


(26) Gal(M±/L±) ^ Hom(S^, iHp^) ~ Hom(sJ’(^\ Ep., 


Hom(s^’^ "\Epr, 


Moreover, write for the subextension of M^/L^ 

n and 

Finally, let denote the extension of corresponding to We have 


here (125]) is a consequence of 
corresponding to (cf. (|23]l i: then 


Lm n Zm ^ ^ and 


Gal(Z±’(±V^™) ^Hom((S^’(^^)''-,i?p 


iHom(^(S 




f^,Epm'^ 


Furthermore, if := ■ Lm^ ^ then 

Gal(Z±/L±) :^Hom((S^’^+^)''-,F;p 

c^Hom((S^)''-,Ep^), 

where the second isomorphism follows by taking Gm-invariants in (|20p . Since, by Lemma f3.2l 
Sel^ injects via restriction into Selpm+i [E/Km+1 (Ep 771+1 restriction induces an injection 


m+i) It follows that for every m > 0 there is a canonical projection 

(27) Gal(Z±++L±+,) ^ Gal(Z±/L±). 


\ G* 771+1 

.11 iUilO' 

To introduce the last field extensions we need, we dualize the exact sequence 

«)(^) © (i?±)(-^) ^ (S±)^ ^ (S±)Vim«) ^ 0 
and get an isomorphism ker((i9j())^) ~ ((Sj)j)^/im(i?j)j))'^. Moreover, dualizing 
0 —^ im(i?^) —^ 
gives a short exact sequence 

(28) 0 —^ ker((t?^)^) 


(S±)^^ker(«)^)^^0 


±\v 




±^V 


A im(i?^) 


0 . 


Finally, with maps and defined as in (1141) and CSl), write for the i?j)j-submodule 
of Selj)j such that there is an indentification 

(29) := im(p^ o i?±) = (Sel^ . 

Namely, consider the short exact sequence 

0 ^ ^ (Sel± )^ ^ (Sel±)V^™ ^ 0. 

Since is compact, hence closed in (Sel^)^, dualizing the sequence above gives 

(30) 0 ^ ((Sel±)VXi^i)'' ^ Sel± ^ {XtY 0. 

Now define := ((Selj(j)^/2))j)^ and view as an Zj]j-submodule of Sel^ via (]5U|) . Then 
there is a natural identification 

(31) Sel±/C/± = (X±)+ 
and dualizing (]5T]) gives 
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Write for the field cut out by U^. As o factors through 0 

there is a commutative diagram 

Ah) ® A(-^) ^ (Sel± 

(/2±)(^) © (i?±)(-^)--- (S±)v 

that induces a surjection im(?9j^) and then, by duality, an injection im(i?j^)^ ‘-A . 

From this we obtain a commutative diagram with exact rows 

(32) 0-^ker((i?±)'^) -^ ^ im(i?± -^0 

P P P 

0--C/±--Sel±--(X±)v--0 

whose upper row is (|28l) . Denote by Lm* the field corresponding to so that C Lm* 
by (f23]) . Observe that and are linearly disjoint over L^. To check this, note that 
M^nL^ C and that the second intersection corresponds to the subgroup U^nT,^ 

inside Selj^. But diagram (1321) shows that ker((?9j^)^) = n hence n Lm* = 
we conclude that n = L^. It follows that 

Gal(Af± • Gal(Z±/M± 0 Z±) ^ Gal(Z±/L±), 

and then the inclusion C induces a surjection 

(33) Gal(A/±/M±) ^ Gal(L±/L±). 

It follows that for every m > 0 there is a commutative square of surjective maps 

(34) Gal(M±+,/M±+0 ^ Gal(L±+,/L±+J 

Gal(Af^/M^)-^Gal(Z^/L^) 

where the horizontal arrows are given by (1331) and the right vertical arrow is given by (1271) . 
One easily checks the surjectivity of the left vertical map and the commutativity of (|34D . 

5.5. Families of Kolyvagin primes. The purpose of this subsection is to show that one 
can manufacture a Galois-compatible sequence {im)m>i Kolyvagin primes. More precisely, 
our goal is to prove 

Proposition 5.6. There is a sequence Kolyvagin primes for p^ satisfying 

the following conditions: 

(1) Frob^i = [rgm] in Gal(Mj^/Q) with Pm € Gal(^M^/Km{Epm)^ such that 

i9t)m>i e Gal(M±/Koo(Fp^)); 

(2) restriction induces an injective group homomorphism 

( 3 ) pH^t + 1 )^ - «£± • 

•*'771 
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Proof. Notation being as in ii5.2l and il5.4l for each choice of sign ± pick hm^ = € 

Gal(Lm*'^V-^m) such that the period of [hm^Yhm^ is To see the existence 

of an element with this property, observe that if corresponds to the homomorphism 
(j) : —)■ Ep-m. then corresponds to a; i-A ±r(/>(x) + (l){x). In light of 

this, to show the existence of such an h!fY it suffices to choose a (f that takes a generator of 
to an element of order in Epm. Define := [hY\hm^) G Gal(Z^/L^) 

and choose the sequence so that the image of via surjection (l271i is Yn. Using 

diagram select also a compatible sequence of elements G Gal^M^/KmiEpm)'^ such 
that the image of in Gal(Lj^/Lj^) is h^. For every integer m > 1 choose a prime number 
such that 

(35) = Nm] in Gal(M^/Q). 

Glearly, is a Kolyvagin prime and the required compatibility conditions are fulhlled by 
construction, so (1) is satished. To check (2), we must show that the restriction is injective. 
For this, fix a prime of above iff satisfying Frob,±= rg^. Then the restriction of 

Frob[±to Ga\.{Lff/Lff) corresponds to an injective homomorphism 

<!’&/& ■ (UF” -Ep- 

consisting in the evaluation at Frob,* /«±; namely, one has 

^m/ 

= KFrob(±/,±) 

for all s G The choice of [ff determines a prime Xff of Km above im, and the 

completion of Km at Xff is isomorphic to the completion iF^± of K at the unique prime 
of K above iY It follows that the canonical restriction map 

( 36 ) E(K^i)lp-'E(K^i) 

is injective, since the same is true of its composition with the local Kummer map and the 
evaluation at Frobenius. Suppose now that s G is non-zero and (s) = 0. In par¬ 
ticular, the submodule of is sent to 0, via (l36|i . in the direct summand 

E[K^±)/p'^E[K^±) of E(^K^^±)/p'^E[K^^±) corresponding to Up to multiplying s 
by a suitable power of p, we may assume that s is p-torsion. Now Rffs is a non-trivial Z/pZ- 
vector space on which the p-group Gm acts. By [28l Proposition 26], the submodule 
is non-trivial, and this contradicts the injectivity of (|36p . Summing up, we have proved that 
all choices of a sequence i^ = {im)m>i satisfying (1351) enjoy properties (I) and (2) in the 
statement of the proposition. 

The finer choice of a sequence i^ satisfying (3) as well can be made by arguing as in the 
proof of [23l Proposition 12.2, (3)]; see the proof of [T9l Proposition 3.26] for details. □ 

5.6. Local duality. The aim of this subsection is to bound the A-rank of Ax © Ay by a 
A-module V{i^) that surjects onto Ax © Ay; as notation suggests, V{i^) depends on the 
choice of a compatible family i^ = {^Y)m>i Kolyvagin primes as in 115.51 

By |22l Gh. I, Gorollary 3.4], if F is a finite extension of Qp then the Tate pairing induces 
a perfect pairing 

{■,-)p : H\E,E)pr. X E{F)/p"^E{F) Z/p^Z 
that gives rise to a r-antiequivariant isomorphism 

(5^ : H\F,E)pm ^ {E{F)/p^E{F)Y. 

If F is a number field and u is a finite place of F then we also denote (•, ■)p^ by (•, 
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Now let £ be a Kolyvagin prime for and write 5m,\ as a shorthand for 5Km,\^ where A 
is a prime of Km dividing Taking the direct sum of the maps 5m,x over all the primes A | 
we get a r-antiequivariant isomorphism 

(37) 5m,t : H\Km,i,E)^^ {E{Km,i)/p'"E{Km,e)y ■ 

Composing 5m,i with the dual of the restriction icesm,i defined in Q and the dual of the 
inclusion Seim C Selpm[E/Km), we get a map 


(38) H\Km,i,E) 


,p... ^ [E{Km,i)/p'^E{Km,,)Y Selp^(^/ii:^) 

whose image we denote by By construction, Vm{Ej is an i?)()-submodule of (Sel: 


°m,^ 


(Sel: 


±)V 
±\\/ 


Proposition 5.7. Let he a sequence of Kolyvagin primes as in Provosition \5.6l 

(1) For every m> 1 there is a canonical surjection VYiYn) 

(2) For every m> 1 there is a canonical surjection -» VYi^Y)- 


Proof. Fix an integer m > 1. Composing the isomorphism 5^ «± in (13711 with the dual of the 
map res^i introduced in part (2) of Proposition 15.61 we get a surjection 


that, by definition, factors through Vm{lm)- Now ~ im(?9j()), which is isomorphic to 

© kFm’^ Therefore we get an i?j(j-equivariant surjection 

** m ^ m i 


which proves part (1). 

As for part (2), let us define the map —>■ y^iYu)- Consider the diagram 








Kf+i«*+i)'-'(Sel^+ir 

I 

I res^ 

--(Sel±)^ 


in which the left vertical surjection is a consequence of part (2) of Lemma 15.31 and the right 
vertical arrow is surjective because Selj)j injects into Selj|j_,_]^ via the restriction map denoted 
by “res” (see Lemma 13.21 and 113.3p . This diagram is commutative by the transfer formula 
(see, e.g., 0 Ch. V, (3.8)]). In light of this, an easy diagram chasing shows the existence of 
the desired (dashed) surjective homomorphism. □ 


In the rest of the paper, let = i^m)m>i denote a sequence of Kolyvagin primes as in 
Proposition 15.61 It follows from part (2) of Proposition 15.71 that we can dehne the A-module 





Proposition 5.8. There is a surjection 

^ Ax©A?/. 


Proof. Taking the inverse limit of the maps in part (1) of Proposition 15.71 gives a surjection 



m 
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where we use the fact that the projective system satisfies the Mittag-Lefher condition, as all 
the modules involved are finite. On the other hand, with as in (j29h . there is a short exact 
sequence 

0 ——)■ ® 0 

U 7 7 7 vv ^ vv^ 7 U, 

and passing to inverse limits shows that there is a short exact sequence 

0 ^ Im ^ Ax © Ay ^ 0. 

m m 

Since Ax n Ay = {0} and hm^ C Ax n Ay, we have lim ^ Z^ = 0, therefore Ax © Ay is 
isomorphic to lim © Wm^ Combining this with HMD gives the result. □ 

5.7. Kolyvagin classes. We briefly review the construction of Kolyvagin classes attached to 
Heegner points. 

Let m > 0 be an integer and let i he a. Kolyvagin prime for p”*; in particular, p™ \ ^ + 1 
and p™ I 0 £. Assume also that | i + 1 A a^. Let 77^ be the ring class field of K of 

conductor 1. The fields K^a and 77^ are linearly disjoint over the Hilbert class field 77i of 
K and Gal(77£/77i) is cyclic of order 7 + 1. Let 77^^^ be the maximal subextension of the 

composite KmHi having p-power degree over Km and set := Gal(77^^^/77m). By class 
field theory, if ni := ordp(7 + 1) then ©£ ~ in particular, m \ ng. 

As in |14l §3] and [5l §2.1], we can define a Heegner point xgp m € XD{M){Hgp m ) and, with 
■ke as in Q, set ygpm ■= TTE{xipm) £ E{Hgpm). Let the integer d{m) be as in (fTOjl . then take 
the Galois trace 

tpd{m) / ’ 

Now fix a generator ag of (3g and consider the Kolyvagin derivative operator 

p-^i-i 

Dg := ^ lal £ Z/p^Z[<5g]. 

i=l 

One has — 1)D^ = —tr (p) , , hence 

[D,(c„(f))] £ (e(hS)/p’"E(+©)'’', 

where [a] denotes the class of an element * in the relevant quotient group. Now observe that, 
thanks to condition (2) in Assumption ll.il Ep(^H^^ is trivial (cf. [141 Lemma 4.3]). Taking 
©^-cohomology of the p™-multiplication map on E(^H^\'j gives a short exact sequence 

0 ^ E{K„)/p’"E{K„) (£(<’,)/?"•£(<>,))®' ^ E‘((9,,E(e“ ))^„ ^ 0. 

Gomposing the arrow above with the inflation map gives a map 

(40) (e{<>,) /?"•£{<>,) (e,. £(<>,))„„ ^ H' {K„, E),^. 

Definition 5.9. The Kolyvagin class dmi^) G H^{Km, E)pm is the class corresponding to 
\Dg{am{A))\ under the map (liCTl) . 

For any Kolyvagin prime ^ for fix a r-antiequivariant isomorphism of 7?m-modules 

(41) ckm,i : H\Km/, E)pm ^ E{Km,e)lp'"E{Km,l) 

as in [21 §1.4, Proposition 2]. If u is a place of a number field E and c G H^(F,M) for a 
Gi?-module M, we write res^(c) for the restriction (or localization) of c at u; if y is a prime 
number, we write reSq(c) for the sum of the localizations at the primes of E above q. 


22 


MATTEO LONGO AND STEFANO VIGNI 


For the next result, recall from 114.2l that Zm ■= trjj d(m)/Km{yp‘^("^'>) ^ ^{Km)- 

Proposition 5.10. The class dm{i) enjoys the following properties: 

(1) if V is a (finite or infinite) prime of Km not dividing i then iesy{dmii)) is trivial; 

( 2 ) 

Proof. See [HI Proposition 6.2] or [21 §1.4, Proposition 2]. □ 

5.8. Global duality. In this subsection we use Kolyvagin classes, combined with global 
reciprocity laws, to bound the rank of the A-module V^{£^) that was introduced in H5.6l and 
surjects onto Ax 0 Ay. 


: = 


and 


i^oo ) ■ 



in H5.61 For 

dm ifm ) 

if m is even 

^dm-l(^m-l) 

if m is odd 

dm-l(^m-l) 

if m is even 

dm(^m) 

if m is odd. 


From now on, in order to ease the notation write 

m if (the sign is 0 and m is even) or (the sign is — and m is odd) 

m — 1 if (the sign is + and m is odd) or (the sign is — and m is even). 


p{m) := 


With this convention in force, belongs to {^K^(^m) ^ py(m) ■ Now recall that if F is a 

number field, s € H^{F, Epm) and t € H^{F, E)pm then 


(42) 


^(res„(s),res^(t))p_^ = 0, 


where v ranges over all finite places of F and {■,-)py is the local Tate pairing at v. By part 
(1) of Proposition I5.1UI the class is trivial at all the primes not dividing hence 

equality (H2]) implies that 


(43) 




/j(m) 


M(m) / 


The morphism in (I38p defining factors as 

^ ^f‘(0,„,,e.0),.<-./{0(„)) — r±(0„.,) C (Sel0,)' 


because the target is torsion. Define generated by the 

image res^±^^ (dj^^^) of in (wj(,r*)) • The decomposition in part 

(2) of Lemma lAHl induces a decomposition 

'{ 0 ™)) = K(.n)F ® 


K 


V(m),F 


p-(m) J ! 


Now we collect two lemmas that will be used in the proof of Proposition 15.131 below. First of 
all, recall the map Proposition 15.51 

Lemma 5.11. res«± (£^, ,) —ib^, s{£^, ,) = R^, ^6^, , as R^, ..-modules. 

S'p(rn)\ p{m)/ p{m) p(m) p{m) 
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Proof. We know from the discussion in 
an injection 


that N is a submodule of , so there is 

fi{m) ’ 


(44) 






where is defined in (11911 . Part (2) of Proposition [5^61 shows that composing (14411 with 

the restriction map res^± produces an injection 


(i(m) 


□ 


whose image is equal to res«± (S^, n). Finally, from the definition of ib^, n in Proposition 

m (">) ^ IJ-yrn)/ iiym) 

Owe see that ~ n ker((i?±^pv))^ ^re done. 

Lemma 5.12. (1) ~ as modules. 

(2) n (»'{*„,/«,„,) ® {»)) = {O)- 

Proof. For simplicity set 

« - '"‘(a;,™,.,* 


We know that res^± {8^, .,) C and that the map —)• Mjuj^, .M is 

injective. On the other hand, the isomorphism cj) = £± of m gives a commutative 

p-{m) 

diagram 


e(Rl) 


iU-O 






(R±)(-'> ©(R±)W 


{Hf) 


±y-o 






in which we have set /r := fj,{m) and the right and left isomorphisms in the top row are a 
consequence of parts (1) and (2) of Lemma 15.31 respectively. By part (2) of Proposition IHTTOl 
the class of res»± (d^,.) in H / ,) is sent to the class of Tres^i (z^,.)] in M f . 

Combining Lemma 15.111 with the diagram above proves (1) and (2) simultaneously. □ 


We are now ready to prove the main result of this subsection. 
Proposition 5.13. The rank ofV^{£^) over A is at most 1. 


Proof. We prove the proposition for sign +, the other case being similar. For every m > 1 
consider the Kolyvagin class G .F)p^(m) defined above and the submodule 

^Mm) ^ generated over by Let denote 

generators of as -modules. The images of the classes of 

4m are generators of the quotients as -modules. The 

image of the cyclic -module is then generated by the image of an element of the 

form V^'kyrn) + suitable G R^[rn)^ nnd hence isomorphic to the principal 

^Mm)'™odule Using the isomorphism R'^.yy ^ of LemmaES 

we see that 


R 


li{m) 


( 77 (^), 77 ( 
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Applying part (1) of Lemma 15.121 we obtain an isomorphism 

Now [21 §1.2, Lemma 7] shows that Iso there are e 

such that • Since Co-^^^R^^rn) - Rl(my 

this implies that is generated over by the image of an element of the form 

(2) of Lemma Em we also know that e R^(rn)- 


define 

Then 




(^) 


R (^At(m),£+^j>-®) (^)/(‘^/i(m)) ^ ^ ’-®) ^(^) / (‘^/i(m)) ® > 


from which we deduce that 




,M(m) ® "^AtM) ' 




Using ()^3|) we see that the image of res»+ {dt/m)) ^i^ is trivial. Thus we get 






nL) 

,e) 

fi{m) / pR-i'^) 


Therefore, recalling the definition of conclude that there is an isomorphism of 


7? , ^-modules 

fi{m) 




E 


h) 


It follows that ('^^(m)) ^ cyclic -module for all m > 1. Since 9^ € A and 

A = ^m ^^^ ^;At>?)’ follows that the A-module 9^V^{£^) is cyclic, and then is cyclic 

over A as well. □ 


5.9. Completion of the proof of Theorem 15.11 Recall from the beginning of Section El 
that our goal is to show that the element y G ker(7r^) is A-torsion. But this is immediate: 
the A-module Ax is free of rank 1 because x is not A-torsion, hence combining Propositions 
15.81 and 15.181 shows that Ay is A-torsion, which concludes the proof. 

We remark that the arguments described above give also a proof of 

Corollary 5.14. The A-module V^{T^) has rank 1. 


6. Applications to Selmer and Mordell-Weil groups 

As an application of Theorem 15.11 in this final section we prove results on the growth of 
Selmer and Mordell-Weil groups along the finite layers of Koo/K. 

6.1. Growth of Zp-coranks of Selmer groups. In this and the next subsection it will 
be convenient to use the “big O” notation: given two functions /, y : N — >■ C, we write 
f{m) = g{m) + 0(1) if |/(ut,) — g{m)\ is bounded by a constant that does not depend on m. 

Theorem 6.1. 7/0 = 1 then corank^^(Selpoo(711/77^)) = P™ + 0(1). 

Proof. By [71 Theorem 3.1], corankA( Selpoo(TH/TLoo)) = 2 = [77 : Q], so [161 Proposition 6.1] 
guarantees that Hypothesis (W) of |16l §6.1] holds in our setting. Moreover, by Theorem 
15.11 we know that rankA(Aj^) = rankA(AQ^) = 1, and the desired formula follows from [161 
Proposition 7.1]. □ 
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Remark 6.2. Once (TJ Theorem 3.1] is extended to the case where D > 1, the assumption 
“D = 1” in Theorem 16.11 land in Corollary 16.51 belowi can be dropped. 

Theorem 16.11 proves [S] Conjecture 2.1] when p is a supersingular prime for E (subject to 
the conditions of Assumption and Koo is the anticyclotomic Zp-extension of K (since 
we are assuming that E has no complex multiplication, in the terminology of [3] we are in 
the “generic” case). The counterpart of this result for ordinary primes m Lemma 4.4]) is a 
consequence of a combination of Mazur’s “control theorem” ([20]; see also |13[ Theorem 4.1]) 
with [21 Theorem A] and jH Theorem, p. 496]. 

Remark 6.3. It is worth pointing out that a result like the one in [T] Theorem 3.1] alone does 
not seem to yield the asymptotic growth of corank^^ (Selpoo(£'/Arm)) that was described in 
Theorem 16.11 This insufficiency is accounted for by the failure, in the supersingular case, of 
the control theorem in its “classical” form. More precisely, what one can prove by combining 
the equality corankA( Selpoo(£'/iLoo)) = 2 with standard Iwasawa-theoretic arguments is that 
corank^p(Selpoo(£'/iLoo)'"™') =2p^-\-0{l) (cf. [TS] p. 457] for details). 

Remark 6.4. Theorem 16.11 could also be obtained independently of Theorem l5.1l bv using the 
results of |1] as in m §2.2], provided we knew that L'(£'/a', X, 1) 7 ^ 0 for all but finitely many 
finite order characters x ■ Goo ^ C^. Unfortunately, the strongest non-vanishing result that 
we are aware of is [101 Theorem 1.5], which holds only for infinitely many y. 

6.2. Growth of Mordell—Weil ranks. In the following, let lIlpao[E/Km) denote the p- 
primary Shafarevich-Tate group of E over Km- The usual relations between Mordell-Weil, 
Selmer and Shafarevich-Tate groups of elliptic curves over number fields lead to 

Corollary 6.5. If D = 1 and IIIpoo(U/ATm) is finite for m ^ 0 then Taiak'z(^E{Km)) = 
p^ + 0{l). 

Proof. If Ulpoo (U/ATm) is finite then E{Km) (8>Qp/Zp has finite index in Sel pOO {E/Km), hence 
corank^p (A(A'm)<XiQp/Zp) = corank^p (Selpoo (A/ATm)). On the other hand, rankz(A(Arm)) = 
corankzp (A(A'm) <S> Qp/Zp), and the searched-for formula follows from Theorem 16.11 □ 
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